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Chapter 1

Lecturel: introducing
invariant theory

The first lecture gives some flavor of the theory of invariants. Basic notions such
as (linear) group representation, the ring of regular functions on a vector space
and the ring of invariant functions are defined, and some instructive examples
are given.

1.1 Polynomial functions

Let V be a complex vector space. We denote by V* := {f : V' — C linear map}
the dual vector space. Viewing the elements of V* as functions on V, and
taking the usual pointwise product of functions, we can consider the algebra of
all C-linear combinations of products of elements from V*.

Definition 1.1.1. The coordinate ring O(V') of the vectorspace V is the algebra
of functions F' : V' — C generated by the elements of V*. The elements of O(V)
are called polynomial or reqular functions on V.

If we fix a basis e1,...,e, of V, then a dual basis of V* is given by the
coordinate functions z1,...,x, defined by x;(cie1 + -+ + ¢pey) := ¢;. For the
coordinate ring we obtain O(V) = Cl[zy,...,2,]. This is a polynomial ring in
the z;, since our base field C is infinite.

Exercise 1.1.2. Show that indeed C|z1, ..., ;] is a polynomial ring. In other
words, show that the xz; are algebraically independent over C: there is no
nonzero polynomial p € C[Xy,...,X,] in n variables X3,...,X,, such that
p(x1,...,x,) = 0. Hint: this is easy for the case n = 1. Now use induction on
n.

We call a regular function f € O(V) homogeneous of degree d if f(tv) =
tdf(v) for allv € V and t € C. Clearly, the elements of V* are regular of degree
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6 CHAPTER 1. LECTUREIL: INTRODUCING INVARIANT THEORY

1, and the product of polynomials f, g homogeneous of degrees d,d’ yields a
homogeneous polynomial of degree d+ d’. It follows that every regular function
f can be written as a sum f = ¢y + c1f1 + -+ + ¢ fr of regular functions f;
homogeneous of degree 7. This decomposition is unique (disregarding the terms
with zero coefficient). Hence we have a direct sum decomposition O(V) =
Daecn O(V)a, where O(V)q := {f € O(V) | f homogeneous of degree d}, mak-
ing O(V) into a graded algebra.

Exercise 1.1.3. Show that indeed the decomposition of a regular function f
into its homogeneous parts is unique.

In terms of the basis z1,...,2,, we have O(V )y = Clxy,...,2n]q, where
Clx1,...,xn]q consists of all polynomials of total degree d and has as basis the
monomials £7x32 - .-z for dy +dy + - + d,, = d.

1.2 Representations

Central objects in this course are linear representations of groups. For any
vector space V' we write GL(V) for the group of all invertible linear maps from
V to itself. When we have a fixed basis of V, we may identify V with C™ and
GL(V) with the set of invertible matrices n x n matrices GL(C™) C Mat,, (C).

Definition 1.2.1. Let G be a group and let X be a set. An action of G on X
is amap a: G x X — X such that «(1,z) = z and a(g, a(h,z)) = a(gh,x) for
all g,h € Gand x € X.

If v is clear from the context, we will usually write gz instead of a(g,x).
What we have just defined is sometimes called a left action of G on X; right
actions are defined similarly.

Definition 1.2.2. If G acts on two sets X and Y, then amap ¢ : X — Y is
called G-equivariant if ¢(gx) = g¢(x) for all x € X and g € G. As a particular
case of this, if X is a subset of Y satisfying gr € X for all x € X and g € G,
then X is called G-stable, and the inclusion map is G-equivariant.

Example 1.2.3. The symmetric group S4 acts on the set ([;"]) of unordered
pairs of distinct numbers in [4] := {1,2, 3,4} by g{i,5} = {g(9), 9(j)}. Think of
the edges in a tetrahedron to visualise this action. The group Sy also acts on the
set X :={(4,7) | 4, € [4] distinct} of all ordered pairs by g(i,5) = (9(2),9(j))—
think of directed edges—and the map X — (1) sending (i, ) to {3, 4} is Su-
equivariant.

Definition 1.2.4. Let G be a group and let V be a vector space. A (linear)
representation of G on V is a group homomorphism p : G — GL(V).

If p is a representation of G, then the map (g,v) — p(g)v is an action of G
on V. Conversely, if we have an action a of G on V such that a(g,.): V — V is
a linear map for all g € G, then the map g — a(g,.) is a linear representation.
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As with actions, instead of p(g)v we will often write gv. A vector space with an
action of G by linear maps is also called a G-module.

Given a linear representation p : G — GL(V'), we obtain a linear represen-
tation p* : G — GL(V™*) on the dual space V*, called the dual representation
or contragredient representation and defined by

(p*(9)z)(v) :== 2(p(g) *v) forall g€ G,z € V* and v € V. (1.1)

Exercise 1.2.5. Let p : G — GL,(C) be a representation of G on C". Show
that with respect to the dual basis, p* is given by p*(g) = (p(g)~1)T, where AT
denotes the transpose of the matrix A.

1.3 Invariant functions

Definition 1.3.1. Given a representation of a group G on a vector space V', a
regular function f € O(V) is called G-invariant or simply invariant if f(v) =
f(gv) for all g € G,v € V. We denote by O(V)¢ C O(V) the subalgebra of
invariant functions. The actual representation of G is assumed to be clear from
the context.

Observe that f € O(V) is invariant, precisely when it is constant on the
orbits of V' under the action of G. In particular, the constant functions are
invariant.

The representation of G on V induces an action on the (regular) functions
on V by defining (¢f)(v) := f(g~'v) for all ¢ € G,v € V. This way the
invariant ring can be discribed as the set of regular functions fixed by the
action of G: O(V)¥ = {f € O(V) | gf = fforall g€ G}. Observe that
when restricted to V* C O(V), this action coincides with the action corre-
sponding to the dual representation. In terms of a basis x1,...,x, of V*, the
regular functions are polynomials in the z; and the action of G is given by
gp(z1,...,xn) = p(gx1,...,gx,) for any polynomial p. Since for every d, G
maps the set of polynomials homogeneous of degree d to itself, it follows that
the homogeneous parts of an invariant are invariant as well. This shows that
OV)¢ =@,0(V)§, where O(V)§ :== O(V)a N O(V)C.

Example 1.3.2. Consider the representation p : Z/3Z — GL3(C) defined by

mapping 1 to the matrix ({ Z}) (and mapping 2 to (Z1 ;) and 0 to the identity

matrix). With respect to the dual basis x1, x5, the dual representation is given
by:

ro=( 1) =7 3). re=(5 1) a2

The polynomial f = x? — x129 + 23 is an invariant:

p*()f = (=21 +22) — (21 +32)(—31) + (—21)° = 2] — ;22 + 23 = f, (1.3)
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and since 1 is a generator of the group, f is invariant under all elements of the
group. Other invariants are x3wy — x123 and 23 — 3z123 + 23. These three
invariants generate the ring of invariants, althought it requires some work to
show that.

A simpler example in which the complete ring of invariants can be computed
is the following.

Example 1.3.3. Let D4 be the symmetry group of the square, generated by a
rotation r, a reflection s and the relations r* = e, s> = e and srs = 3, where e

is the identity. The representation p of D4 on C? is given by

=" 0) =3 1) (1.4)

the dual representation is given by the same matrices:

rn=(0 o) re=(3Y): (15)

It is easy to check that 2%+ 23 and 223 are invariants, and so are all polynomial
expressions in these two invariants. We will show that in fact O(C2?)P+ =
Clz? + 2%,2323] =: R. It suffices to show that all homogeneous invariants
belong to R.

Let p € C[z1, x2] be a homogeneous invariant. Since sp = p, only monomials
having even exponents for x; can occur in p. Since r?s exchanges x; and x3,
for every monomial 224 in p, the monomial z%2$ must occur with the same
exponent. This proves the claim since every polynomial of the form x27x3™ +
3mz3" is an element of R. Indeed, we may assume that n < m and proceed
by induction on n + m, the case n +m = 0 being trivial. If n > 0 we have
q = (2323)" (22" " + 2™ 2") and we are done. If n = 0 we have 2¢ = 2(23" +

r3m) = Q(ﬁ—!—z%)m—zgzl (™) (z*23™~%") and we are done by induction again.

1.4 Conjugacy classes of matrices

In this section we discuss the polynomial functions on the square matrices,
invariant under conjugation of the matrix variable by elements of GL,,(C). This
example shows some tricks that are useful when proving that certain invariants
are equal. Denote by M, (C) the vectorspace of complex n x n matrices. We
consider the action of G = GL,,(C) on M,(C) by conjugation: (g, A) — gAg~*
for g € GL,,(C) and A € M, (C). We are interested in finding all polynomials
in the entries of n X n matrices that are invariant under G. Two invariants are
given by the functions A — det A and A — trA.
Let

xa(t) i=det(t] — A) = t" — s (A" + 59(A) "2 — - 4+ (=1)"s,(A) (1.6)
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be the characteristic polynomial of A. Here the s; are polynomials in the entries
of A. Clearly,

Xgag—1(t) = det(g(t] — A)g™") = det(t] — A) = xal(t) (1.7)

holds for all ¢ € C. It follows that the functions si,...,s, are G-invariant.
Observe that s1(A4) = trA and s,(A) = det A.

Proposition 1.4.1. The functions s, ..., s, generate O(Mat,(C))(©) and
are algebraically independent.

Proof. Toeach ¢ = (cy,...,c, € C™ we associate the so-called companion matriz
0 - - 0 —c,
1 . —Cp—1
Ac:=1¢g . - : € M, (C). (1.8)
L0 Co
0 0 1 c1

A simple calculation shows that xa_(t) = t" + ¢, 1t" "L + -+ + 1t + co.
Exercise 1.4.2. Verify that x4 (t) =" +c,_1t" 1 + -+ + 1t + .

This implies that s;(A.) = (—=1)%c; and therefore

{(s1(Ac), 82(Ae), ..., 8n(Ae) | A € M,(C)} =C". (1.9)

It follows that the s; are algebraically independent over C. Indeed, suppose that
p(s1,...,8,) = 0 for some polynomial p in n variables. Then

0=p(s1,---,8n)(A) =p(s1(A),...,s.(4)) (1.10)

for all A and hence p(cy,...,¢,) = 0 for all ¢ € C". But this implies that p
itself is the zero polynomial.

Now let f € O(Mat,(C))“ be an invariant function. Define the polyno-
mial p in n variables by p(cy,...,c,) = f(A.), and P € O(Mat,(C))¢ by
P(A) := p(—s1(A), s2(A4),...,(—1)"s,(A)). By definition, P and f agree on
all companion matrices, and since they are both G-invariant they agree on
W :={gA.g7' | g € G,c € C"}. To finish the proof, it suffices to show that W
is dense in Mat,, (C) since f — P is continuous and zero on W. To show that
W is dense in O(Mat,,(C)), it suffices to show that the set of matrices with n
distinct nonzero eigenvalues is a subset of W and is itself dense in O(Mat,, (C)).
This we leave as an exercise.

Exercise 1.4.3. Let A € Mat,,(C) have n distinct nonzero eigenvalues. Show
that A is conjugate to A, for some ¢ € C". Hint: find v € C” such that
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v, Av, A%v,..., A" v is a basis for C*. You might want to use the fact that
the Vandermonde determinant

1 e 1
C1 Cn
2 2
det| 1 -+ G (1.11)
n—1 n—1
i cn
is nonzero if ¢q,...,c, are distinct and nonzero.

Exercise 1.4.4. Show that the set of matrices with n distinct nonzero eigen-
values is dense in the set of all complex n x n matrices. Hint: every matrix is
conjugate to an upper triangular matrix.

O

1.5 Exercises

Exercise 1.5.1. Let G be a finite group acting on V' = C", n > 1. Show that
O(V)€ contains a nontrivial invariant. That is, O(V)“ # C. Give an example
of an action of an infinite group G on V' with the property that only the constant
functions are invariant.

Exercise 1.5.2. Let p: Z/2Z — GL2(C) be the representation given by p(1) :=
(_01 91 ) Compute the invariant ring. That is, give a minimal set of generators
for O(C?)%/%2,

Exercise 1.5.3. Let U := {(} ¢) | a € C} act on C? in the obvious way. Denote
the coordinate functions by 1, xs. Show that O(C%)V = C[za].

Exercise 1.5.4. Let p : C* — GL3(C) be the representation given by p(t) =

—2

<t0 t93 %). Find a minimal system of generators for the invariant ring.
0 0t

Exercise 1.5.5. Let 7 : Mat,,(C) — C" be given by 7(A4) := (s1(A4), ..., sn(A)).

Show that for every ¢ € C™ the fiber {A | 7(A) = ¢} contains a unique conjugacy

class {gAg~' | g € GL,(C)} of a diagonalizable (semisimple) matrix A.



Chapter 2

Lecture2: Symmetric
polynomials

In this chapter, we consider the natural action of the symmetric group S,, on
the ring of polynomials in the variables z1,...,z,. The fundamental theorem of
symmetric polynomials states that the elementary symmetric polynomials gen-
erate the ring of invariants. As an application we prove a theorem of Sylvester
that characterizes when a univariate polynomial with real coefficients has only
real roots.

2.1 Symmetric polynomials

Let the group S, act on the polynomial ring C[zy,...,x,] by permuting the
variables:
op(T1,. .. Tn) = P(To1), - - Tom)) for all o € Sy, (2.1)

The polynomials invariant under this action of S,, are called symmetric poly-
nomials. As an example, for n = 3 the polynomial x%xg + I%I:g + xw% + xw% +
I%Ig + x2x§ + Tx1 + Txo + 7Tx3 is symmetric, but x%xz + xlmg + I%l’g is not
symmetric (although it is invariant under the alternating group).

In terms of linear representations of a group, we have a linear representation
p : Sp — GL,(C) given by p(0)e; := e,(;), where ey,..., e, is the standard
basis of C". On the dual basis z1,...,z, the dual representation is given by
p*(0)x; = 4(;), as can be easily checked. The invariant polynomial functions
on C" are precisely the symmetric polynomials.

Some obvious examples of symmetric polynomials are

$1 = x1+xT9+---+x, and (2.2)
So = X1Xo+ XT3+ -+ 1T+ F Tp_1Ty
More generally, for every k = 1,...,n, the k-th elementary symmetric polyno-

11



12 CHAPTER 2. LECTURE2: SYMMETRIC POLYNOMIALS

mial

S 1= Z Ty c o Ty (2.4)

i1 <. <l

is invariant. Recall that these polynomials express the coefficients of a univariate
polynomial in terms of its roots:

n

[I¢t—=) :xui(q)ksktﬂf’c. (2.5)

=1 k=1

Moreover, if g is any polynomial in n variables y1, ..., yn, then g(s1,...,s,) is
again a polynomial in the z; which is invariant under all coordinate permuta-
tions. A natural question is: which symmetric polynomials are expressible as a
polynomial in the elementary symmetric polynomials. For example x% +- - -+ 22
is clearly symmetric and it can be expressed in terms of the s;:

22442 =52 — 2. (2.6)

It is a beautiful fact that the elementary symmetric polynomials generate all
symmetric polynomials.

Theorem 2.1.1 (Fundamental theorem of symmetric polynomials). Fvery S,,-
invariant polynomial f(x1,...,z,) in the x; can be written as g(si,...,Sn),
where g = g(y1,-..,Yn) s a polynomial in n variables. Moreover, given f, the
polynomial g is unique.

The proof of this result uses the lexicographic order on monomials in the
variables z = (z1,...,2,). We say that 2 := z{" - - - 2&~ is (lexicographically)
larger than z° if there is a k such that oy > B and a; = 3; for all i < k. So
for instance 22 > w173 > 7173 > w17973, etc. The leading monomial Im(f) of
a non-zero polynomial f in the z; is the largest monomial (with respect to this
ordering) that has non-zero coefficient in f.

Exercise 2.1.2. Check that Im(fg) = lm(f)lm(g) and that Im(sg) = 21 - - - k.

Exercise 2.1.3. Show that there are no infinite lexicographically strictly de-
creasing chains of monomials.

Since every decreasing chain of monomials is finite, we can use this order to
do induction on monomials, as we do in the following proof.

Proof of Theorem 2.1.1. Let f be any S,-invariant polynomial in the x;. Let
be the leading monomial of f. Then «; > ... > «,, because otherwise a suitable
permutation applied to x® would yield a lexicographically larger monomial,
which has the same non-zero coefficient in f as z® by invariance of f. Now
consider the expression

« Qp—1—Qn a]—a2
ses, S . (2.7)
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The leading monomial of this polynomial equals

(21 @) (L - Ty )OO T2 (2.8)

which is just z®. Subtracting a scalar multiple of the expression from f therefore
cancels the term with monomial %, and leaves an S),-invariant polynomial with
a strictly smaller leading monomial. After repeating this step finitely many
times, we have expressed f as a polynomial in the sy.

This shows existence of g in the theorem. For uniqueness, let g € Clyy, ..., yn]
be a nonzero polynomial in n variables. It suffices to show that g(s1,...,s,) €
Clx1, ..., %] is not the zero polynomial. Observe that

lm(s?l .. S?Ln) — x‘f‘1+"'+a7zx(212+"'+04n ..

sxen, (2.9)

It follows that the leading monomials of the terms s{* ---s%», corresponding
to the monomials occuring with nonzero coefficient in g = 3", y<, are pairwise
distinct. In particular, the largest such leading monomial will not be cancelled

in the sum and is the leading monomial of g(s1,...,s,). O

Remark 2.1.4. The proof shows that in fact the coefficients of the polynomial
g lie in the ring generated by the coefficients of f. In particular, when f has
real coefficients, also g has real coefficients.

Exercise 2.1.5. Let 7 : C'* — C” be given by

(T, Tn) = (81(T1, -, Tn)y - ooy Sn(T1, - o, Tp)). (2.10)

Use the fact that every univariate polynomial over the complex numbers can be
factorised into linear factors to show that 7 is surjective. Use this to show that
$1,...,Sy are algebraically independent over C. Describe for b € C" the fiber

7= 1(b).

Remark 2.1.6. The above proof of the fundamental theorem of symmetric
polynomials gives an algorithm to write a given symmetric polynomial as a
polynomial in the elementary symmetric polynomials. In each step the initial
monomial of the residual symmetric polynomial is decreased, ending with the
zero polynomial after a finite number of steps. Instead of using the described
lexicographic order on the monomials, other linear orders can be used. An
example would be the degree lexicographic order, where we set ® > 2 if either
a1+ +a, > 01+ -+ 0, or equality holds and there is a k such that oy > Ok
and a; = (; for all i < k.

Example 2.1.7. We write 23 + 23 + 3 as a polynomial in the s;. Since the
leading monomial is z3292) we subtract s9s9s? and are left with —3(z%z2 +
22z3 + 1123 + 1122 + 2323 + 1222) — 6(217923). The leading monomial is
now x2xy, so we add 3s9sss7~ . This leaves 3z1xow3 = 3sisy 's] ™!, which is
reduced to zero in the next step.

This way we obtain 23 + 23 + 23 = s — 35182 + 3s3.

Exercise 2.1.8. Give an upper bound on the number of steps of the algo-
rithm in terms of the number of variables n and the (total) degree of the input
polynomial f.
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2.2 Counting real roots

Given a (monic) polynomial f(t) = t" —ayt" ! +-- -+ (—1)"a,, the coefficients
are elementary symmetric functions in the roots of f. Therefore, any property
that can be expressed as a symmetric polynomial in the roots of f, can also be
expressed as a polynomial in the coefficients of f. This way we can determine
properties of the roots by just looking at the coefficients of f. For example:
when are all roots of f distinct?

Definition 2.2.1. For a (monic) polynomial f = (t —x1) - - (t — ), define the
discriminant A(f) of f by A(f) = [l1<;cjcn(®i — z;)2.

Clearly, A(f) = 0 if and only if all roots of f are distinct. It is not hard to
see that A(f) is a symmetric polynomial in the roots of f. We will see later
how f can be expressed in terms of the coefficients of f.

Exercise 2.2.2. Let f(t) = t? —at+b. Write A(f) as a polynomial in a and b.

Definition 2.2.3. Given n complex numbers x4, ..., x,, the Vandermonde ma-
triz A for these numbers is given by
1 T9 e :L';L_
A=1|. . . . (2.11)
1 T e x::_l
Lemma 2.2.4. Given numbers x1,...,z,, the Vandermonde matriz A has
nonzero determinant if and only if the x1,...,x, are distinct.

Proof. View the determinant of the Vandermonde matrix (called the Vander-

monde determinant) as a polynomial p in the variables z1,...,z,. For any
i < j, pxi,...,zn) = 0 when z; = z; and hence p is divisible by (z; — ;).
Expanding the determinant, we see that p is homogeneous of degree (g‘), with

lowest monomial 29z} - - 27~ having coefficient 1. It follows that

p= J] (z—=), (2.12)

1<i<j<n
since the right-hand side divides p, and the two polynomials have the same
degree and the same nonzero coefficient for z9xd - .. z7~1. O
Exercise 2.2.5. Show that the Vandermonde matrix A of numbers z1,...,z,

satisfies det A =[], ., <, (z; — ;) by doing row- and column-operations on A
and applying induction on n.

Definition 2.2.6. Let f = (t — aq)(t — a2)--- (¢t — a,) € CJ[t] be a monic
polynomial of degree n in the variable t. We define the Bezoutiant matrix
Bez(f) of f by

Bea(f) = (pisg_alen, - an))l sy (2.13)
where p(z1,...,2,) == 2% + - +2F for k =0,1,... is the k-th Newton poly-
nomial.
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Since the entries of Bez(f) are symmetric polynomials in the roots of f, it fol-
lows by the fundamental theorem of symmetric polynomials that the entries are
polynomials (with integer coefficients) in the elementary symmetric functions
and hence in the coefficients of f. In particular, when f has real coefficients,
Bez(f) is a real matrix. Another useful fact is that Bez(f) = AT A, where A is
the Vandermonde matrix for the roots aq, ..., a, of f.

Exercise 2.2.7. Show that the discriminant of f satisfies: A(f) = det Bez(f).

Example 2.2.8. Let f = t2 — at + b have roots a and 8. So a = a + 3
and b = af. We compute Bez(f). We have py = 2, p1 = a, p2 = a® — 2b
so Bez(f) = (2 2 in). The determinant equals a? — 4b and the trace equals

a®? — 2b + 2. There are three cases for the eigenvalues A\; > Ao of Bez(f):
o If a2 — 4b > 0, we have A1, A3 > 0 and «, § are distinct real roots.
o If a> —4b =0, we have A\; > 0, 2 =0 and o = S3.

o If a2 —4b < 0, we have A; > 0, A\ < 0 and o and f3 are complex conjugate
(nonreal) roots.

The determinant of Bez(f) determines whether f has double roots. The
matrix Bez(f) can give us much more information about the roots of f. In
particular, it describes when a polynomial with real coefficients has only real
roots!

Theorem 2.2.9 (Sylverster). Let f € R[t] be a polynomial in the variable t with
real coefficients. Let r be the number of distinct roots in R and 2k the number
of distinct roots in C\ R. Then the Bezoutiant matriz Bez(f) has rank r + 2k,
with r 4+ k positive eigenvalues and k negative eigenvalues.

proof of Theorem 2.2.9. Number the roots ag,...,a, of f in such a way that
Q1,...,Q94, are distinct. We write m; for the multiplicity of the root «;,
i=1,...,2k+r. Let A be the Vandermonde matrix for the numbers ay, ..., a,,
so that Bez(f) = ATA. We start by computing the rank of Bez(f).

Denote by A the (2k + ) x n submatrix of A consisting of the first 2k + r
rows of A. An easy computation shows that

Bez(f) = ATA = AT diag(ma, ..., magsr) A, (2.14)

where diag(my, ..., mak,) is the diagonal matrix with the multiplicities of the
roots on the diagonal. Since, A contains a submatrix equal to the Vandermonde
matrix for the distinct roots ag, ..., @4, it follows by Lemma 2.2.4 that the
rows of A are linearly independent. Since the diagonal matrix has full rank, it
follows that Bez(f) has rank 2k + r.

To finish the proof, we write A = B + iC, where B and C' are real matrices
and ¢ denotes a square root of —1. Since f has real coefficients, Bez(f) is a real
matrix and hence

Bez(f)=B'B-C'C+i(C'B+B'C)=B"B-C"C. (2.15)
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We have
rank(B) <r +k, rank(C) < k. (2.16)

Indeed, for any pair a, @ of complex conjugate numbers, the real parts of of
and o’ are equal and the imaginary parts are opposite. Hence B has at most
r + k different rows and C has (up to a factor —1) at most k different nonzero
rOwWsS.

Denote the kernel of Bez(f), B and C by N, Ng and N¢ respectively. Clearly
Np N No C N. This gives

dim N > dim(Np N N¢) dim Ng +dim N¢ —n

n—r—k)+(n—k)—n
= n—r—2k=dimN. (2.17)

>
>

Hence we have equality throughout, showing that dim Ng = n—r—k,dim No =
n—kand NgN Ng = N.

Write Ng = N & N and No = N & N/, as a direct sum of vector spaces.
For all nonzero u € N{, we have w'CTCu = 0 and «"B"Bu > 0 and so
u"Bez(f)u > 0. This shows that Bez(f) has at least dim N/, = r + k positive
eigenvalues (see exercises). Similarly, u'Bez(f)u < 0 for all nonzero u € N
so that Bez(f) has at least dim Nj; = k negative eigenvalues. Since Bez(f) has
n —r — 2k zero eigenvalues, it has exactly r + k positive eigenvalues and exactly
k negative eigenvalues. O

Exercise 2.2.10. Let B be a real n x n matrix and z € R™. Show that
z"BTBx > 0 and that equality holds if and only if Bx = 0.

Exercise 2.2.11. Let A be a real symmetric n X n matrix. Show that the
following are equivalent:

e there exists a linear subspace V' C R™ of dimension & such that T Az > 0
for all nonzero x € V,

e A has at least k positive eigenvalues.

Exercise 2.2.12. Use the previous exercise to show Sylvesters law of inertia:
Given a real symmetric n X n matrix A and an invertible real matrix S, the
two matrices A and STAS have the same number of positive, negative and zero
eigenvalues. This implies that the signature of A can be easily determined by
bringing it into diagonal form using simultaneous row and column operations.

2.3 Exercises

Exercise 2.3.1. Let f(t) :=t> + at + b, where a,b are real numbers.
e Compute Bez(f).
e Show that A(f) = —4a® — 27b%.
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e Determine, in terms of a and b, when f has only real roots.
Exercise 2.3.2. Prove the following formulas due to Newton:
Pe—s1pk—1+ -+ (1) s apy + (1) ks = 0 (2.18)

forall k=1,...,n.
Show that for k > n the following similar relation holds:

P — S1Pk—1 + -+ (=1)"8ppr—n = 0. (2.19)

Hint: Let f(t) = (1 —txq)--- (1 — tx,,) and compute f'(t)/f(t) in two ways.
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CHAPTER 2. LECTURE2: SYMMETRIC POLYNOMIALS



Chapter 3

Multilinear algebra

We review some constructions from linear algebra, in particular the tensor prod-
uct of vector spaces. Unless explicitly stated otherwise, all our vector spaces
are over the field C of complex numbers.

Definition 3.0.3. Let V,..., Vi, W be vector spaces. Amap ¢ : Vi x---xV —
W is called multilinear (or k-linear or bilinear if k = 2 or trilinear if k& = 3) if
for each ¢ and all vy, ..., v;-1,vi11,. ..,V the map V; = W, v; — ¢(vy,...,v%)
is linear.

Let U, V and T be vector spaces and let ® : U x V. — T be a bilinear
map. The map ® is said to have the universal property if for every bilinear
map ¢ : U x V. — W there exists a unique linear map f : T — W such that

b=fow.
UxV 2w

VA

T

We will usually write © ® v := ®(u,v) for (u,v) € U x V. Although ® will
in general not be surjective, the image linearly spans T

Exercise 3.0.4. Show that if ® : U x V — T has the universal property, the
vectors u ® v,u € U,v € V span T.

Given U and V| the pair (T, ®) is unique up to a unique isomorphism. That
is, given two bilinear maps ® : U XV — T and ® : U x V — T’ that both have
the universal property, there is a unique linear isomorphism f : T — T’ such
that f(u®v) = u®' v for all u € U,v € V. This can be seen as follows. Since
®’ is bilinear, there exists by the universal property of ®, a unique linear map
f:T — T’ such that ® = fo®. It suffices to show that f is a bijection. By the
universal property of ®’ there is a linear map f’' : 7" — T such that ® = f o ®.
Now ® o f' o f = ®, which implies that f' o f: T — T is the identity since the

19
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image of ® spans 7' (or alternatively, by using the universal property of ®, and
the bilinear map ® itself). Hence f is injective. Similarly, f o f’ is the identity
on T" and hence f is surjective.

Definition 3.0.5. Let U,V be vector spaces. The tensor product of U and V'
is a vector space T together with a bilinear map ® : U x V' — T having the
universal property. The space T', which is uniquely determined by U and V up
to an isomorphism, is denoted by U ® V.

Often we will refer to U ® V' as the tensor product of U and V, implicitly
assuming the map @ : U XV - U V.

So far, we have not shown that the tensor product U ® V exists at all, nor
did we gain insight into the dimension of this space in terms of the dimensions
of U and V. One possible construction of U ® V is as follows.

Start with the vector space F' (for free or formal) formally spanned by pairs
(u,v) as u,v run through U,V respectively. Now take the subspace R (for
relations) of F' spanned by all elements of the form

(cru + o', cov + ') — crea(u,v) — eq(u,v') — co(u’,v) — (u',0") (3.1)

with ¢1,¢0 € C, v,v" € V,u,u’ € U. Now any map ¢ : U x V — W factors
through the injection ¢ : U x V. — F' and a unique linear map g : F — W.
The kernel of g contains R if and only if ¢ is bilinear, and in that case the map
g factors through the quotient map = : F — F/R and a unique linear map
f: F/R — W. Taking for ® the bilinear map 7 o4 : (u,v) — u ® v, the space
F/R together with the map ® is the tensor product of U and V.

As for the dimension of U ® V, let (u;);cr be a basis of U. Then by using
bilinearity of the tensor product, every element T € U ® V can be written
asa T = ), u; ®w; with w; non-zero for only finitely many 7. We claim
that the w; in such an expression are unique. Indeed, for k£ € I let & be
the linear function on U determined by u; +— &5, @ € I. The bilinear map
UxV =V, (u,v) — &(u)v factors, by the universal property, through a
unique linear map f: U ® V — V. This map sends all terms in the expression
Y icr Ui @ w; for T' to zero except the term with ¢ = k, which is mapped to wy.
Hence wy = fi(t) and this shows the uniqueness of the wy.

Exercise 3.0.6. Use a similar argument to show that if (v;),cs is a basis for
V, then the set of all elements of the form u; ® v;, ¢ € I, j € J form a basis of
UeV.

This exercise may remind you of matrices. Indeed, there is a natural map
¢ from U ® V*, where V* is the dual of V, into the space Hom(V, U) of linear
maps V — U, defined as follows. Given a pair u € U and f € V*, ¢(u® f) is
the linear map sending v to f(v)u. Here we are implicitly using the universal
property: the linear map v — f(v)u depends bilinearly on f and u, hence there
is a unique linear map U ® V* — Hom(V,U) that sends u ® f to v — f(v)u.
Note that if f and u are both non-zero, then the image of u ® f is a linear map
of rank one.
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Exercise 3.0.7. 1. Show that ¢ is injective. Hint: after choosing a basis
(u;); use that a general element of U ® V* can be written in a unique way

as y . u; @ fi.

2. Show that ¢ is surjective onto the subspace of Hom(V,U) of linear maps
of finite rank, that is, having finite-dimensional image.

Making things more concrete, if U = C™ and V = C™ and ug, ..., u,, is the
standard basis of U and wvy,...,v, is the standard basis of V' with dual basis
Z1,...,%n, then the tensor u; ® x; corresponds to the linear map with matrix
E;;, the matrix having zeroes everywhere except for a 1 in position (3, j).

Remark 3.0.8. A common mistake is to assume that all elements of U ® V'
are of the form u ® v. The above shows that in the finite-dimensional case the
latter elements correspond to rank-one linear maps from V* to U, or to rank-one
matrices, while U ® V consists of all finite-rank linear maps from V* to U—a
much larger set.

Next we discuss tensor products of linear maps. If A : U — U’ and B :
V — V' are linear maps, then the map U x V - U' @ V', (u,v) — Au® Bv is
bilinear. Hence, by the universal property of U ® V' there exists a unique linear
map UV — U’'®V’ that sends u®v to Au® Bv. This map is denoted A® B.

Example 3.0.9. If dimU = m,dimU’ = m/,dimV = n,dimV’ = n’ and if
A, B are represented by an m’ x m-matrix (a;;);; and an n’ x n-matrix (by;)wi,
respectively, then A ® B can be represented by an m'n’ x mn-matrix, with rows
labelled by pairs (i, k) with ¢ € [m’], k € [n'] and columns labelled by pairs (j,1)
with j € [m],l € [n], whose entry at position ((i, k), (j,1)) is ai;bk;. This matrix
is called the Kronecker product of the matrices (a;;):; and (bxi)wi-

Exercise 3.0.10. Assume, in the setting above, that U = U’,m’ = m and

V =V'.n' = n and A, B are diagonalisable with eigenvalues A1,...,\,, and
[1, - - -5 n, respectively. Determine the eigenvalues of A ® B.

Most of what we said about the tensor product of two vector spaces carries
over verbatim to the tensor product V3 ® --- ® Vi, of k. This tensor product
can again be defined by a universal property involving k-linear maps, and its
dimension is [[, dim V;. Its elements are called k-tensors. We skip the boring
details, but do point out that for larger k there is no longer a close relationship
with of k-tensors with linear maps—in particular, the rank of a k-tensor T,
usually defined as the minimal number of terms in any expression of 7" as a sum
of pure tensors v1 ® - - - @ vy, is only poorly understood. For instance, computing
the rank, which for £ = 2 can be done using Gaussian elimination, is very hard
in general. If all V; are the same, say V, then we also write V¥ for V@---@V
(k factors).

Given three vector spaces U, V, W, we now have several ways to take their
tensor product: (U@ V)@ W, U® (Ve W) and U® V ® W. Fortunately,
these tensor products can be identified. For example, there is a unique linear
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isomorphism f: UV W — (U®V)®@W such that f(u®@v@w) = (u®v)@w
forallu e Ujv e V,weW.

Indeed, consider the trilinear map U x V x W — (U ® V) @ W defined by
(u,v,w) — (u®v) ®w. By the universal property, there is a unique linear map
f:URQRVEW - (U®V)®W such that flu®v®@w) = (u®v) @ w for all
U, U, W.

Now for fixed w € W, the bilinear map ¢,, : U XV — U@V @ W defined by
(U, v) := uvw induces a linear map g, : UV — URQV W such that u®v
is mapped to u® v ® w. Hence the bilinear map ¢ : (UQV)xW - UV W
given by ¢(z,w) := gy (x) induces a linear map g : (UQV)W - UV W
sending (u®v) @w to uvw. It follows that fog and go f are the identity on
(UeV)W and U@V ®@ W respectively. This shows that f is an isomorphism.

Exercise 3.0.11. Let V be a vector space. Show that for all p,q there is a
unique linear isomorphism V& @ V&1 — V&@+d) sending (v @ --- @ v)) @
(Up+1 @+ + ® Uptq) 10 V1 ® ++* ® Vpiq.

The direct sum TV := @?:O V®F is called the tensor algebra of V, where
the natural linear map V& x V& — Y&k g Y&l — y@(k+]) plays the role of
(non-commutative but associative) multiplication. We move on to other types
of tensors.

Definition 3.0.12. Let V be a vector space. A k-linear map w : V¥ — W

is called symmetric if w(vy,...,vx) = W(Vr(1),---,Vrk)) for all permutations
m € Sym(k).

The k-th symmetric power of V is a vector space S*V together with a sym-
metric k-linear map V¥ — S¥V, (vq,...,v,) — vy - - - vg such that for all vector

spaces W and symmetric k-linear maps ¢ : V¥ — W there is a unique linear
map ¢ : S*V — W such that ¢ (uy,...,ux) = d(uy - ug).

Uniqueness of the k-th symmetric power of V' can be proved in exactly the
same manner as uniqueness of the tensor product. For existence, let R be the
subspace of V& := V @ ... ® V spanned by all elements of the form

U1 ®...®ka_ _/Uﬂ_(l) ®"'®’Uﬂ'(k)7 m™E Sym(k).

Then the composition of the maps V¥ — V& — V@k /R is a symmetric k-linear
map and if ¢ : V¥ — W is any such map, then 1) factors through a linear map
V®F _ W since it is k-linear, which in turn factors through a unique linear map
V®k /R — W since v is symmetric. This shows existence of symmetric powers,
and, perhaps more importantly, the fact that they are quotients of tensor powers
of V. This observation will be very important in proving the first fundamental
theorem for GL(V).

There is also an analogue of the tensor product of maps: if A is a linear map
U — V, then the map U* — S*V, (uy,...,ug) — Auy - - - Auy is multilinear and
symmetric. Hence, by the universal property of symmetric powers, it factors
through the map U* — S*U and a linear map S*U — S*V. This map, which
sends uq - - - ug, to Auy - - - Auy, is the k-th symmetric power S¥A of A.
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If (v;)ier is a basis of V, then using multilinearity and symmetry every
element ¢ of S*V can be written as a linear combination Y cqv® of the elements
v® := [],; vi"—the product order is immaterial—where a € N’ satisfies |a| :=
> icr @ = k and only finitely many coefficients ¢, are non-zero. We claim that
the ¢, are unique, so that the v®, |a| = k a basis of V. Indeed, let a € N/
with |a| = k. Then there is a unique k-linear map v, : V¥ — C which on
a tuple (v;,,...,v;,) takes the value 1 if |[{j | ¢; = i}| = o, for all i € T and
zero otherwise. Moreover, 1, is symmetric and therefore induces a linear map
bo : SFV — C. We find that ¢, = ¢ (t), which proves the claim.

This may remind you of polynomials. Indeed, if V = C" and x1,...,x, is
the basis of V* dual to the standard basis of V, then S¥V* is just the space of
homogeneous polynomials in the xz; of degree k. The algebra of all polynomial
functions on V' therefore is canonically isomorphic to SV* := @;—, S kV*. The
product of a homogeneous polynomials of degree k£ and homogeneous polynomi-
als of degree [ corresponds to the unique bilinear map S*V* x S'V* — Gk+ly/*
making the diagram

(V*)®k X (V*)®l - (V*)®k+l

| |

SHV* x SV* = = = = gkt

commute, and this corresponds to multiplying polynomials of degrees k and
[. Thus SV* is a quotient of the tensor algebra TV (in fact, the maximal
commutative quotient).

Above we have introduced S*V as a quotient of V®*. This should not be
confused with the subspace of V®* spanned by all symmetric tensors, defined as
follows. For every permutation 7 € Sy, there is a natural map V¥ — V* sending
(V15 -5 0%) t0 (Ug-1(1)s -+, Vp-1()). Composing this map with the natural k-
linear map V¥ — V®F yields another k-linear map V* — V®F and hence a
linear map V®* — V@ also denoted 7. A tensor w in V®* is called symmetric
if 7w = w for all 7 € Sj. The restriction of the map V®* — S*V to the
subspace of symmetric tensors is an isomorphism with inverse determined by
U1 Uk = 1 Yomes, T(V1®---vg). (Note that this inverse would not be defined
in characteristic less than k.)

Exercise 3.0.13. Show that the subspace of symmetric tensors in V®F is
spanned by the tensors v ® v--- ® v, where v € V.

3.1 Exercises

Exercise 3.1.1. Let U ® V' be the tensor product of the vector spaces U and
V. Let uq,...,us and u},...,u}; be two systems of linearly independent vectors
in U and let vy,...,vs and v],...,v; be two systems of linearly independent
vectors in V. Suppose that

UL RV + U QU = Uy @V A+ -+ Uy @ vy (3.2)
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Show that s = ¢.

Exercise 3.1.2. a) Let T € V1 ® Vo ® V5 be an element of the tensor product
of V1, V5 and V3. Suppose that there exist vy € Vi, v3 € V3, Tog € Vo @ V3
and T2 € V1 ® V5 such that

T = V1 & T23 = T12 ® V3. (33)
Show that there exist a vy € V5 such that T' = v; ® vo ® v3.

b) Suppose that T € V; ® Vo ® V3 can be written as a sum of at most d; tensors
of the form vy ® Ts3, where v1 € V;,To3 € Vo ® V3, and also as a sum of
at most ds tensors of the form 775 ® vz, where vy € V3,110 € V] ® V.
Show that T can be written as the sum of at most d;ds tensors of the
form v; ® v ® v, where v; € V;.

Exercise 3.1.3. Let U, V,WW be vector spaces. Denote by B(U x V,W) the
linear space of bilinear maps from U x V' to W. Show that the map f— fo®
is a linear isomorphism between Hom(U @ V, W) and B(U x V,W).

Exercise 3.1.4. Let U,V be finite dimensional vector spaces. Show that the
linear map ¢ : U* @ V* — (U ® V)* given by ¢(f ® g)(u ®@ v) := f(u)g(v) is an
isomorhism.



Chapter 4

Representations

Central objects in this course are linear representations of groups. We will
only consider representations on complex vector spaces. Recall the following
definition.

Definition 4.0.5. Let G be a group and let V be a vector space. A (linear)
representation of G on V is a group homomorphism p : G — GL(V).

If p is a representation of G, then the map (g,v) — p(g)v is an action of
G on V. A vector space with an action of G by linear maps is also called a
G-module. Instead of p(g)v we will often write gv.

Definition 4.0.6. Let U and V be G-modules. A linear map ¢ : U — V is
called a G-module morphism or a G-linear map if ¢p(gv) = go(v) for allv € V
and g € G. If ¢ is invertible, then it is called an isomorphism of G-modules.
The linear space of all G-linear maps from U to V is denoted Hom(U, V)€.

The multilinear algebra constructions from Section 3 carry over to represen-
tations. For instance, if p : G — GL(U) and 0 : G — GL(V) are representations,
then the map p®o : G — GL({URV), g — p(g) ®0(g) is also a representation.
Similarly, for any natural number k the map g — S¥p(g) is a representation of
G on S*V. Also, the dual space V* of all linear functions on V carries a natural
G-module structure: for f € V* and g € G we let gf be the linear function
defined by gf(v) = f(g~'v). The inverse ensures that the action is a left action
rather than a right action: for g,h € G and v € V we have

(9(hf))(w) = (hf)(g™ ) = f(R g™ ) = f((gh)~"v) = ((gh) ) (v),

so that g(hf) = (hg)f.

Exercise 4.0.7. Show that the set of fixed points in Hom(U, V) under the
action of G is precisely Hom(U, V)&,

Example 4.0.8. Let V,U be G-modules. Then the space Hom(V, U) of linear
maps V — U is a G module with the action (g¢)(v) := g¢(g~'v). The space

25
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U ® V* is also a G-module with action determined by g(u ® f) = (gu) ® (gf).
The natural map ¥ : U ® V* — Hom(V,U) determined by ¥(u ® f)v = f(v)u
is a morphism of G-modules. To check this it suffices to observe that

U(g(u f))v=((gu) @ (gf)v = (¢f)(v) - gu = f(g~"v) - gu

and

(9¥(u® fo =g (ue f)(g~"v) =g(flg~ v)u) = flg~"v) - gu.

The map W is an G-module isomorphism of U ® V* with the space of finite-rank
linear maps from V to U. In particular, if U or V is finite-dimensional, then ¥
is an isomorphism.

Example 4.0.9. Let G be a group acting on a set X. Consider the vectorspace

CX = {Z AzZ | Ay € Cfor all z € X and A, = 0 for almost all z}  (4.1)
reX

consisting of all formal finite linear combinations of elements from X. The
natural action of G given by g(>~, A\;x) := Y Ayg2 makes CX into a G module.
In the special case where X = G and G acts on itself by multiplication on the
left, the module CG is called the regular representation of G.

Definition 4.0.10. A G-submodule of a G-module V is a G-stable subspace,
that is, a subspace U such that gU C U for all g € G. The quotient V/U then
carries a natural structure of G-module, as well, given by g(v+U) = (gv) + U.

Definition 4.0.11. A G-module V is called irreducible if it has precisely two
G-submodules (namely, 0 and V).

Exercise 4.0.12. Show that for finite groups G, every irreducible G-module
has finite dimension.

Note that, just like 1 is not a prime number and the empty graph is not
connected, the zero module is not irreducible. In this course we will be concerned
only with G-modules that are either finite-dimensional or locally finite.

Definition 4.0.13. A G-module V is called locally finite if every v € V is
contained in a finite-dimensional G-submodule of V.

Proposition 4.0.14. For a locally finite G-module V' the following statements
are equivalent.

1. for every G-submodule U of V there is a G-submodule W of V' such that
UpW =V;

2. V is a (potentially infinite) direct sum of finite-dimensional irreducible
G-submodules.

In this case we call V' completely reducible; note that we include that condi-
tion that V' be locally finite in this notion.
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Proof. First assume (1). Let M be the collection of all finite-dimensional ir-
reducible G-submodules of V. The collection of subsets S of M for which the
sum ) ;;.gU is direct satisfies the condition of Zorn’s Lemma: the union of
any chain of such subsets S is again a subset of M whose sum is direct. Hence
by Zorn’s Lemma there exists a maximal subset S of M whose sum is direct.
Let U be its (direct) sum, which is a G-submodule of V. By (1) U has a direct
complement W, which is also a G-submodule. If W is non-zero, then it contains
a non-zero finite-dimensional submodule (since it is locally finite), and for di-
mension reasons the latter contains an irreducible G-submodule W’. But then
SU{W'} is a subset of M whose sum is direct, contradicting maximality of S.
Hence W =0 and V = U = ,,;cg M, which proves (2).

For the converse, assume (2) and write V' as the direct sum @,,;.¢ M of
irreducible finite-dimensional G-modules. Let U be any submodule of V. Then
the collections of subsets of S whose sum intersects U only in 0 satisfies the
condition of Zorn’s Lemma. Hence there is a maximal such subset S’. Let W
be its sum. We claim that U + W =V (and the sum is direct by construction).
Indeed, if not, then some element M of S is not contained in U + W. But then
MnN(U+V) = {0} by irreducibility of M and therefore the sum of S"U{M} still
intersects U trivially, contradicting the maximality of S’. This proves (1). O

Remark 4.0.15. It is not hard to prove that direct sums, submodules, and
quotients of locally finite G-modules are again locally finite, and that they are
also completely reducible if the original modules were.

Example 4.0.16. A typical example of a module which is not completely re-
ducible is the following. Let G be the group of invertible upper triangular
2 x 2-matrices, and let V' = C2. Then the subspace spanned by the first stan-
dard basis vector e; is a G-submodule, but it does not have a direct complement
that is G-stable.

Note that the group in this example is infinite. This is not a coincidence, as
the following fundamental results show.

Proposition 4.0.17. Let G be a finite group and let V be a finite-dimensional
G-module. Then there exists a Hermitian inner product (.|.) on V such that
(gu|gv) = (u|v) for all g € G and u,v € V.

Proof. Let (.].)’ be any Hermitian inner product on V' and take

(ulv) =Y (gulgv)"

geG

Straightforward computations shows that (.|.) is G-invariant, linear in its first
argument, and semilinear in its second argument. For positive definiteness, note
that for v # 0 the inner product (vjv) = > c;(gv|gv) is positive since every
entry is positive. O

Theorem 4.0.18. For a finite group G any G-module is completely reducible.
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Proof. Let V be a G-module. Then every v € V lies in the finite-dimensional
subspace spanned by its orbit Gv = {gv | g € G}, which moreover is G-stable.
Hence V is locally finite. By Zorn’s lemma there exists a submodule U of
V' which is maximal among all direct sums of finite-dimensional irreducible
submodules of V. If U is not all of V, then let W be a finite-dimensional
submodule of V' not contained in U, and let (.|.) be a G-invariant Hermitian
form on W. Then U N W is a G-submodule of W, and therefore so is the
orthogonal complement (UNW )=+ of UNW in W-——indeed, one has (gw|UNW) =
(wlg* (U NW)) C (wlUNW) = {0} for g € G and w € (UNW)*, so that
gw € (UNW)L. Let W' be an irreducible submodule of (UNW)+. Then U® W’
is a larger submodule of V' which is the direct sum of irreducible submodules of
V', a contradiction. Hence V = U is completely reducible. O

4.1 Schur’s lemma and isotypic decomposition

The following easy observation due to the German mathematician Issai Schur
(1875-1941) is fundamental to representation and invariant theory.

Lemma 4.1.1 (Schur’s Lemma). Let V and U be irreducible finite-dimensional
G modules for some group G. Then either V and U are isomorphic and Hom(V,U)%
is one-dimensional, or they are not isomorphic and Hom(V,U)% = {0}.

Proof. Suppose that Hom(V, U)¢ contains a non-zero element ¢. Then ker ¢ is
a G-submodule of V' unequal to all of V' and hence equal to {0}. Also, im ¢
is a G-submodule of U unequal to {0}, hence equal to U. It follows that ¢
is an isomorphism of G-modules. Now suppose that ¢’ is a second element of
Hom(V,U)%. Then v := ¢’ 0 ¢~ ! is a G-morphism from U to itself; let A € C
be an eigenvalue of it. Then ¢ — AI is a G-morphism from U to itself, as well,
and its kernel is a non-zero submodule, hence all of U. This shows that ¥ = AT
and therefore ¢/ = A\¢. Hence Hom(V,U)% is one-dimensional, as claimed. [

If G is a group and V is a completely reducible G-module, then the de-
composition of V' as a direct sum of irreducible G-modules need not be unique.
For instance, if V is the direct sum Uy & Us @ Uz where the first two are iso-
morphic irreducible modules and the third is an irreducible module not iso-
morphic to the other two, then V can also be written as Uy & A & Us, where
A = {uy + ¢(u1) | ug € Ur} is the diagonal subspace of Uy @ Us corresponding
to an isomorphism ¢ from U; to Us,.

However, there is always a coarser decomposition of V' into G-modules which
is unique. For this, start with any decomposition of V' as a direct sum of irre-
ducible finite-dimensional submodules. Let {U;};cr be a set of representatives of
the isomorphism classes of G-modules that occur in this decomposition. Taking
together isomorphic summands, we obtain a decomposition

V=pV.vi=Pviy, (4.2)
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where V;; 2 U; for every ¢ € I and j € J;. Now let W be any finite-dimensional
irreducible submodule U of V' and consider for any i € I,j € I; the projection
m;; on V;; along the other components in the direct sum. That is, any v € V' can
be uniquely written as v =3, ;. v (Where only finitely many summands
are nonzero), and m;;v 1= v;;. It is easy to see that m;; is a G-linear map and
hence by Schur’s lemma, we know that 7;;U = 0 when U 2 U;. It follows
that U = Zie],jeli ;U is contained in V;, where U = U;. In particular, U is
isomorphic to some Us;.

We can conclude that V; is the (non-direct) sum of all submodules iso-
morphic to U; and hence does not depend on the initial decomposition of
V into irreducible submodules. The space V; is called the isotypic compo-
nent of V' of type U;, and it has the following pretty description. The map
Hom(U;, V)% x U; — V, (¢,u) — é(u) is bilinear, and therefore gives rise to a
linear map ¥ : Hom(U;, V)¢ @ U; — V. This linear map is a linear isomorphism
onto V;.

Exercise 4.1.2. Let U, V,W be G-modules. Show that Hom(U @ V,W)¢ =
Hom (U, W) @ Hom(V, W) and Hom(W,U & V) = Hom(W,U) & Hom(W, V).

Exercise 4.1.3. Show that the map ¥ : Hom(U;, V)¢ ® U; — Vj is a linear
isomorphism.

4.2 Exercises

Exercise 4.2.1. o Let V be a G-module and (,) a G-invariant inner prod-
uct on V. Show that for any two non-isomorphic, irreducible submodules
V1,Vo C V we have Vi L Vs, that is, (v1,v2) = 0 for all v; € V4, vg € V5.

e Give an example where Vi £ Vs for (isomorphic) irreducible G-modules
V1 and V2.

Exercise 4.2.2. Let the symmetric group on 3 letters S3 act on Clxy, 2, x3]2
by permuting the variables. This action makes C[xy, z2, 23]2 into a Sz-module.
Give a decomposition of this module into irreducible submodules.

Exercise 4.2.3. Let G be an abelian group. Show that every irreducible G-
module has dimension 1. Show that G has a faithful irreducible representation
if and only if G is cyclic. A representation p is called faithful if it is injective.

Exercise 4.2.4. Let G be a finite group and V an irreducible G-module. Show
that there is a unique G-invariant inner product on V, unique up to multiplica-
tion by scalars.

Exercise 4.2.5. Let GG be a finite group, and let CG be the regular represen-
tation of G' and let CG = W™ @& --- @ W, be the isotypic decomposition of
C@G. Show that for every irreducible G-module W, there is an ¢ such that W is
isomorphic to W; and show that m; = dim W,. Hint: for all w € W the linear
map CG — W given by > Agg — > Aggw is a G-linear map.



