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Matrix decomposition 2

Observation
K afield. Then A € K™ has rkA < kK & A can be written as
Zle uiviT with u; € K™, v; € K".

& each u;v! has rank 1 and tk(B + C) < rk(B) + 1k(C)

= 1nduction on k: if A # 0, take nonzero u € colspace(A), w such
that Aw = u, and v such that kerA C kerv! and v'w # 0. Then
A =A- ”}’VT‘} has kerA” 2 Kw + ker A so rkA’ < rkA. O

v

Many variations

e matrices with structure (symmetric, skew)

e want the u; pairwise L, and also the v; (SVD over R or C)
e approximations by low-rank matrices (SVD)

Central question: How does this all generalise to tensors?



What’s a tensor? 3

Answer 1: a multidimensional array of numbers.

(i jk)icl5]. je[4].kel2]

Answer 2: anelementof 7 :=V;® ---® V, for
Vi,..., Vg 1.d. vector spaces over K

Recall

Elements of 7" are formal linear combinations of symbols v ®- - -®
vqy modulo the space spanned by elements of the form vi ® --- ®
Vitu)® - ®Vg—VI® - @V® - QVy—V|® QUi ® - ®Vy
and v ®---®(v)® - Qvg—c(v1 Q- QVy)

o {linear f : T — W} = {multilin f: Vi X--- X V; - W}
e Bibasisot Vi = B; ®---® B, basis of T (relates answers 1,2)
e Vi®@ @V, =T, (x1® - ®x5)(Vi ®---®vg) = []; xi(vi)



Flattening and pure tensors 4
Given a partition [d] = TU J, have anatural map b; ; : T — T,®T)}

with T; := X)._, Vi, given by v ® --- ®@ v, b (Qie/Vi) ® (Qjesv)).
Here we forget the tensor product structure on 7, T;. Similarly

with more factors.
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In general, U* @ V = Homg (U, V), x®@v — (u — x(u)v).

Take t € T. For each i € [d], let U; :=1mage of ¢ as linear map

T\, — Vi. Thent € ). U; and the U; are minimal with this

property. AlldimU; =1 &t =u; ® --- ® uy, Some nonzero u;.

Definition 7 1s called pureif t = u; ® - - - ® u, for some u;.



Tensor rank and X-rank 5

Proposition
Pure tensors in T form a Zariski-closed subset X defined by
quadratic polynomials.

Proof
For d = 2 these are the rank < 1 matrices, defined by 2 X 2-
subdeterminants. For d > 1, t pure iff b;_; ;# pure for all i. u

Remark |K| = co ~» 2 X 2-dets of flattenings generate 1deal(X).

Definition

T any vector space, X C V Zariski-closed cone spanning 7'. Then
o kX ={x1+---+ x| x; € X};

o rky? := min{k | v € kX} the X-rank of v;

o kX is the k-th secant variety of X; and

e brky? := min{k | v € kX} the X-border rank of v.

For X C T above, this 1s tensor (border) rank.



Case study: 2 X 2 X 2-tensors 6

te K°’QK*QK?, write t = ¢ ® A + e, ® B with A, B 2 X 2-matrices

e suppose rkb 23 = 2, i.e., A, B linearly independent

ethenrks =21t 4C, D ofrank 1 and u, v such thatt = u® C+v®D
e 1ff (A, B) contains two linearly independent rank-1 matrices

e 1fl the discriminant A(?) of the quadratic polynomial det(xA +yB)
1s a nonzero square—this 1s Cayley’s hyperdeterminant:

A1) = a3 ,by | = 2az,1a20b11b12 + a5 1192 —2a12a22b1,1b2,1 —
2a12a5101, 2b21 +4ay1a22b12021 + a 2192 +4ay2a21b11b32 —
2a1,1a22b11022 = 2a1,1021012022 — 2a11a1202,1025 + a7 1192

For & = B have o @

A > 0 > rank 2. pure A = 0, not pure ~» rank 3
A < 0 ~ rank 3. A # 0 ~ rank 2
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