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Set-up

K algebraically closed field
v: K* =T — Rvaluation
(perhaps trivial)
feK(,...,x,)

~» Trop(f) : R™ — R

o :T™ -->T"

~ Trop(¢) : R™ — R”

Definition

X C T" is tropically uni-rational
if dp d TP ——» T" s.t.

im1 = X and

im Trop(¢) = Trop(X).

Remarks .
Always im Trop(¢)) C Trop(im ).
We allow p > dim X.

Call such v tropically surjective.



Line

X C T? definedbyy =z + 1
@ : T -—>T% t— (t,t+1)
not tropically surjective!

Buty : T? --» X C T?,
(8,u) = (X, 5)

u—s’ u—s

is tropically surjective.
u

(_87 _S)

(07 _S)

(0,u — s)

(s —u,0)

So X is tropically unirational.
Note: cannot take p = 1.
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So X is tropically unirational.
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Central question

Is every unirational variety
tropically unirational ?

Lemma

X C T" tropically unirational

7w T" — T9 homomorphism
then 7(X) tropically unirational.
(If ¢ is a tropically surjective pa-
rameterisation of X, then 7 o 1 is
tropically surjective to (X ).)

Theorem (Yu-Yuster)

Linear spaces X are tropically
unirational.

(Take matrix ¢ with one column
for each minimal-support vector in

X C K")



Some examples...

Example

Affine-linear spaces X

are tropically unirational.
(Apply Yu-Yuster to cone X
spanned by X x {1} C T,
and use homomorphism

T T =T (y,t) — t 1)

Example (Speyer)

Rational curves X are tropically
uni-rational.

(Say X parameterised by

(t) = (fll(t), ..., fn(t)). Factor
filt) = 1= (t = t5) € K(b),
and note X = 7(Y) with Y
affine-linear  parameterised by
(t — ti,...,t — ;) and 7 a torus
homomorphism.)
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...and some more

Example

Grassmannian Gy, C T(g)

is tropically unirational.
Parameterised by (w;u;(z;—x;))i<j,
hence image of linear space under
torus homomorphism.

Similarly: A-discriminants (Dick-

enstein - Feichtner - Sturmfels,
Horn Uniformisation), rank-2
matrices, ...



Reparameterisations

X C T™ unirational
@ :T™ - T"withimp = X

Definition

Rational maps 7% --» T"
of the form ¢ o o with

a: TP --»1T™

are reparameterisations of .

Strategy

To prove X tropically unirational,
try and find a tropically surjective
reparameterisation of (.

Note: if ¢ is birational to X,
then every dominant ¢ : T? --» X
is a reparameterisation of .

...and some more
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Reparameterisations

X C T™ unirational
@ :T™ - T"withimp = X

Definition

Rational maps 7% --» T"
of the form ¢ o o with
a: TP --»1T™

are reparameterisations of .

Strategy

To prove X tropically unirational,
try and find a tropically surjective
reparameterisation of (.

Note: if ¢ is birational to X,
then every dominant ¢ : T? --» X
is a reparameterisation of .

Combining reparameterisations

Combination Lemma

Assume ¢ : K™ — K" regular,
a; : KP' — K™ regular, 7 = 1,2
@1(0) = 042(0) = O,

and set Y, :=poaq;, 1 =1,2.

Then im Trop(t)y), im Trop(1p,) C
im Trop(v), where ¢ := ¢ o a and
o KPitP2 [(m7

a(u,v) = ay(u) + as(v).

(plon(u) + ag(v)) =

plan(w) + D52, vipi(u, v).
Given tropical values for wu, suf-
ficiently large values for v; make
this tropicalise to Trop(vy)(u).
Similarly for 1),.)



From finitely many to one

Proposition

A rational variety X C T"
is  tropically  unirational iff
dNJY, TP --» X 0=1,...,N
such that

U, im Trop(¢);) = Trop(X).

(<: Take ¢ : 1™ --» X bira-
tional, o; : TP --» T such that
Yy = poaq.

Homogenise ¢, a; to homoge-
neous regular maps ¢,q; of
positive degree with ¢ o &; param-
eterising cone X C K"™'. Apply
Combination Lemma to obtain a
single 1, and dehomogenise to
obtain .

Note: ¢ automatically dominant.)
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such that
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tional, o; : TP --» T such that
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Homogenise ¢, a; to homoge-
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Note: ¢ automatically dominant.)

Birational projections

X C T™ unirational, dimension d
ICnl={1,....,n}, |I|=d

7. T" — T projection

Definition

P d-dimensional
of Trop(X) is

dim(Trop(m;)P) < d

polyhedron
I-vertical if

Proposition

If 7;|x : X --» T' birational
with inverse ¢, then im Trop ¢ is
the union U of all P that are not
I-vertical.

(2: Points u for which Trop(77)(u)
is not in the corner locus of
Trop ¢ are dense in U and satisfy

Trop(g)(Trop(m;)u) = w.)



Two applications...

Example

X C K" d-dimensional affine-
linear space.

Then all I, |I| = d with
dimm; X = d (bases of the
matroid) satisfy the requirement.
Hence X is tropically unirational.
(With more work, alternative proof
of Yu-Yuster.)

Example
X ={AeT™|det(A) =0}
Each I C [n]| X [n] of cardinality

n? — 1 satisfies the requirement:

T(n—l)x(n—l) X (T(n—l))Q N Tnxn’
(o) = [ ik

w' wA
Hence X is tropically unirational.
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...and one more

(suggested by Cools and Sturmfels)
Y C K° parameterised by
(s*,8%,...,t*) (cone over rational
normal quartic)
X = Y +Y first secant variety,
zero set of

20 <1 22
det |21 29 23

R2 R3 Z4

= 202024 +2212023— 23 24— 2925 — 2
= a + 2b — ¢ — d — e




Secant variety, continued

C

d

I={1,2,3,4} and
J =10, 1,2,3} satisfy
77,7y X ——+ T birational.

Two  suitable  reparameterisa-
tions of the parameterisation
(s{ + s3,...,t] + t3) tropicalise to
maps that together cover the cone
where b = e < a, ¢, d. Hence X is
tropically unirational.

— J-vertical

— J-vertical

...and one more

(suggested by Cools and Sturmfels)
Y C K° parameterised by
(s*,8%,...,t*) (cone over rational
normal quartic)
X = Y 4+ Y first secant variety,
zero set of

20 <1 22
det |21 29 23

R2 R3 Z4

= 202024 +2212023— 23 24— 2925 — 2
= a + 2b — ¢ — d — e




Secant variety, continued

— J-vertical
C

— J-vertical

®
S
S

d

I={1,2,3,4} and
J =10, 1,2,3} satisfy
77,7y X ——+ T birational.

Two  suitable  reparameterisa-
tions of the parameterisation
(s{ + s3,...,t] + t3) tropicalise to
maps that together cover the cone
where b = e < a, ¢, d. Hence X is
tropically unirational.

Two loose ends

Observation
o TT™ —-» T" X = imy,
dmX = d, © : T" — 7T

generic homomorphism
Then ¢ has a tropically surjective
reparameterisation iff 7 o ¢ does.

Theorem

char K =0

X C T" unirational

Trop(X) =P U...UPy

P, v(K*)-rational relatively open
polyhedra

Then X has a parameterisation
Y such that im Trop(¢)) contains
open subsets of all .

(Exercise in valuations.)
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Are all unirational varieties tropically
unirational?
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