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well-quasi-order & upsets finitely generated
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Higman’s Lemma

Graham Higman (1917-2008)

(S, <) well-partial-order ~~ so is (5%, <)
with sgs1 -+ - Sk—1 < fot1-- - t_1 :©
dincreasing 7 : [k] — [I] with s; < tq)

Crispin Nash-Williams (1932-2001)

bad sequence of words, minimal lengths

Wy U1 Wy, W3 W4 Ws
[ [ [ [ [ [
S000 S51071 S207 S303 S404 S505 ...

So < S4 <

~> 5000 5101 0Op 04

smaller bad sequence! (e.g. spvg < V2 = wy < Wy)
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R:= K| x00 X1  Xp

Xk-1,0 Xk-11 Xk-12 "

polynomial ring

Inc(N) :={n:N->N|n(0) <n(l) <...}
monoid

Inc(N) acts on R by mx;; = xirn())

Cohen, Aschenbrenner/Hillar/Sullivant
fo, fi,-.-€R~Ji:Vj>1:
fi € R-Inc(N)fo + ...+ R-Inc(N)f;_

(R Inc(N)-Noetherian ~~ Sym(N)-Noetherian)
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choose well-order < on monomials with
v<w = uv < uw,n(v) < n(w)
(e.g. lexwith x;j < xp, if j<morj=mandi<]I)

bad sequence, minimal leading monomials:

fo fi f2

myy

Up Uq Uy

Claim
di < j,m € Inc(N) : 7t(u;)|u;

= replace f; ~ f; — tn(f;), contradiction
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Proof of claim

Claim
di < j,m € Inc(N) : 7e(u;)|u;

Up U1 U --- monomialsinx;j,i€[k],j €N
o a1 oy -+ finite words over the alphabet Nk

Example with k = 2

Ui = XQoXZ X2 ~> A =

10701 =

1 3 103
2 0 3 1 0 Y

Higman’s lemma with S = N* (Dixon) ~ Ji < j: a; < @

~ dn € Inc(N) : 7ru;{u;
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Equivariantly Noetherian

Definition
IT monoid acting on ring R ~~ R I'I-Noetherian if each chain
Ip €I C...of Il-stable ideals stabilises

Lemma
if R is II-Noetherian and

e | C RisII-stable ~~ R/I is II-Noetherian

e R=5S®M, S subring and M S-module, both I'I-stable
~ S is II-Noetherian
I € Sideal, ] := IR C R ideal generated by I
~ NS =1 (apply projection R — Stos =) ,ire)

Wif]nz]n_H=...then1n=]nﬂS=]n+1ﬂS= n+l — « -+
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I: Bounded-rank matrices

Inc(N) acts on K[y;; | 7, ] € N] by 7yij = Yrgyn(j)
not Inc(N)—Noetherian: Y12Y21, Y12Y23Y31, - - -

Theorem
K characteristic 0, k € N ~~ K[y;;]/{(k + 1) X (k + 1)-minors)

is Inc(N)-Noetherian

Klyy] _ Y2 LeXit2t | Klxy,z,;) Ce[Ki j e N] =: R
K[yii]/{minors) > RO (invariants)

~ (FFT + SFT for GL;)

M direct sum of non-trivial reps ~+ R = R°% @ M

R Inc(N)-Noetherian ~ so is R
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Fixed row and column sums

A,B - men Wlth 6lz_|_ — bz_|_ and LZ_|_] — b_|_]

= A=Ay, A1,..., Ar = B € N with
1 -1

Al_Al—1_|_1 1 ]

~» moves “independent” of m, n.

Diaconis-Sturmfels
Markov moves = generating set of toric ideal

(ker[yij = xiz;] generated by {y;;yi i — yiy Y i})
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Hillar/Sullivant/Hosten
F family of subsets of [m]
Y(i1,...,1n) and x(S, (i5)ses) for S € F variables

I:= ker[y(ilr R s HAGS x(S, (is)ses)]

Example 1
m=4,F ={124,13, 23}

variables y(abcd), x(abd), z(ac), u(bc)

I = ker[y(abed) — x(abd)z(ac)u(be)] (@)

Theorem

T C [m] independent set IT N S| <1for S € F)
it,t € T run through N and i, ¢ ¢ T through [r]
~ [ generated by finitely many Inc(N)-orbits
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Example
I = ker[y(abcd) — x(abd)z(ac)u(bc)] ! @4

i1 €[] €[rl i3,is €N

3@ 2

Kly(abc)]—»R = Klv(abc), w(abd)] —» K[x(abd), z(ac), u(bc)]
i y(abed) — o(abc)w(abd) j o(abc) — z(ac)u(be)

w(abd) — x(abd)
K[y(abc)l/] ——— » RK
J = (y(abcd)y(abc’d") — y(abcd’)y(abc’d)) C I

~ 11 - 12 copies of Segre product

K* acts on R by t - v(abc) = tv(abc), t - w(abd) = t~1w(abd)

R = RX @ M ~~ RX Inc(N)-Noeth
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III: Vandermonde relations

Andreas Dress
Y0, Y1, - - . variables

Z] &= Hi,jEI,i<j(yi — y]) for |I| — k, fixed

Relations among the z; finite up to Sym(N)?

Theorem
Yes (in characteristic zero).

1 - 1
Yio = Yi . ,
z; =det| . .| satisty Pliicker relations.
-1 -1
- yio « . yik-l

mod these ~~
invariant ring K[x;;,1 € [n],j € N ]’ is Inc(N)-Noetherian
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