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2ED degree

Definition

V = Cn with form (.|.); X ⊆ V subvariety; Xreg smooth locus;

u ∈ V general

 EDdegree(X) := #{x ∈ Xreg | u − x ⊥ TxX}
 counts critical points of du(x) := (u − x |u − x)
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V = Cn with form (.|.); X ⊆ V subvariety; Xreg smooth locus;

u ∈ V general

 EDdegree(X) := #{x ∈ Xreg | u − x ⊥ TxX}
 counts critical points of du(x) := (u − x |u − x)

Goal

• techniques for computing EDdegree(X)

• particularly for varieties from applications

• often V = C⊗ VR, X complexification of XR ⊆ VR,

and also would like to count real critical points



3Warmup: linear spaces

X ⊆ V linear subspace

 EDdegree(X) = 1 if X +X⊥ = V ; 0 otherwise

u

x
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V = Cm×n with form tr(uT v) and m ≥ n
X = {matrices of rank ≤ r}, stable under Om ×On
 EDdegree(X) =

Eckart-Young

u = g hσ1

σn

. . .

 set n − r entries 0

r = 20

(
n

r

)

compression by 90%
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x(z) := zn + x1z
n−1 + . . .+ xnz

0 ∈ R[z ]n
stable if all roots have nonpositive real part

⇔ all leading principal minors of Hn are nonnegative

H5 = x1
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Xn := V (det(Hn)) algebraic boundary

3 4 5 6 7n
EDdegree(Xn) 5 5 13 9 21

DHOST 2013
n
EDdegree(Xn)

2m + 1 2m
8m − 3 4m − 3



6ED-correspondence

ED is degree additive  may assume X is irreducible

EX := {(x, u) ∈ Xreg × V | u − x ⊥ TxX}
 ED correspondence of X

π1 : EX → X affine bundle over Xreg of rank c := n − dimX

π2 : EX → Cn has degree EDdegree(X)



6ED-correspondence

Lemma

If TxX ∩ (TxX)⊥ = {0} for some x ∈ Xreg,
then π2 dominant and hence EDdegree(X)> 0.

(Compute derivative of π2 at (x, x).)

ED is degree additive  may assume X is irreducible

EX := {(x, u) ∈ Xreg × V | u − x ⊥ TxX}
 ED correspondence of X

π1 : EX → X affine bundle over Xreg of rank c := n − dimX

π2 : EX → Cn has degree EDdegree(X)
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7Towards projective methods

X ⊆ V irreducible affine cone  PX ⊆ PV projective variety

PEX := image of EX under X \ {0} × V → PX × V
Q := {v ∈ V | (v |v) = 0} isotropic quadric

Proposition

π1 : PEX → PX vector bundle over PXreg \Q of rank c+1

π2 : PEX → V of degree EDdegree(X).

0

x

π−11 ([x ])Observation

Point u ∈ V gives section of

(PX × V )/PEX , and EDdegree(X)

counts zeroes of this section.
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X ⊆ V irreducible affine cone, dim(PNX) = n − 2  
[PNX ] = δ0(X)sn−1t + δ1(X)sn−2t2 + . . .+ δn−2(X)s1tn−2

in cohomology ring Z[s, t]/(sn, tn) of PV × PV
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[PNX ] = δ0(X)sn−1t + δ1(X)sn−2t2 + . . .+ δn−2(X)s1tn−2

in cohomology ring Z[s, t]/(sn, tn) of PV × PV

δi(X) is ith polar class of X, counts intersections of NX with

L×M where dimL = n − 1− i and dimM = i + 1

DHOST 2013

If NX does not intersect ∆ ⊆ PV × PV , then

EDdegree(X) = δ0(X) + · · ·+ δn−2(X) = EDdegree(X∗).

Sufficient: PX ∩ PQ is transversal and contained in PXreg.
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DHOST 2013

If . . . , then EDdegree(X) = δ0 + · · ·+ δn−2 = EDdegree(X∗).

Proof

Z ⊆ PV × PV × V variety of dependent triples ([x ], [y ], u)

(x, u) ∈ EX  ([x ], [u − x ], u) ∈ (PNX × V ) ∩ Z
([x ], [y ], u) ∈ (PNX × V ) ∩Z  u = cx + dy  (cx, u) ∈ EX
 EDdegree(X) = #(Zu ∩ PNX), Zu ⊆ PV × PV fibre / u.

Now [Zu] = sn−2 + sn−3t + · · ·+ stn−3 + tn−2 and

EDdegree(X) = [Zu] · (δ0sn−1t + · · ·+ δn−2st
n−1)mod〈sn, tn〉

�



11Consequences of polar class formula

using Holme 88:

PX is smooth, m-dim, and transversal to PQ  
EDdegree(X) =

∑m
i=0(−1)i · (2m+1−i − 1) · deg ci(X)

ci(X): i-th Chern class of the tangent bundle of X

degree in the embedding in PV



11Consequences of polar class formula

using Holme 88:

PX is smooth, m-dim, and transversal to PQ  
EDdegree(X) =

∑m
i=0(−1)i · (2m+1−i − 1) · deg ci(X)

ci(X): i-th Chern class of the tangent bundle of X

degree in the embedding in PV

Toric case

PX smooth toric + embedding

 simple lattice polytope P ⊆ Rm with n lattice points

 deg ci(X) =
∑

normalised volumes of (m − i)-dim faces
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12Rational normal curves

If transversal to PQ
Polar class formula with P =

EDdegree(X) = (22 − 1) · n − (21 − 1) · 2 = 3n − 2

n

C2 → SnC2, w 7→ wn; X = image

If (.|.) is O2-invariant

 EDdegree(X) drops to n

Average ED degree over R
Draw u from Gaussian corresponding to O2-invariant (.|.)
 expected # real critical points of du is

√
3n − 2.



13Example 2: Critical formations on a line

Motivation (Anderson-Helmke 2014)

Given ui j ∈ R≥0 for 1 ≤ i < j ≤ p, find z ∈ Rp that minimises∑
i<j(ui j − (zi − zj)2)2. More generally, # critical z ∈ Cp?
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X = {((zi − zj)2)i<j} ⊆ Cp(p−1)/2 Cayley-Menger variety

 EDdegree(X) = 3p−1−1
2 if p ≡ 1, 2 mod 3
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if p ≡ 0 mod 3
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DHOST 2013

X = {((zi − zj)2)i<j} ⊆ Cp(p−1)/2 Cayley-Menger variety

 EDdegree(X) = 3p−1−1
2 if p ≡ 1, 2 mod 3

3p−1−1
2 − p!

3((p/3)!)3
if p ≡ 0 mod 3

Proof

PX is 2nd Veronese embedding of P(Cp/C(1, . . . , 1))

 (m := (p − 2))-simplex P

 
∑m
i=0(−1)m−i · (2i+1 − 1) · Voli  

(
m + 1

i + 1

)
· 2i  term 1

term 2 counts singularities of PX ∩ PQ �
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Xn := V (det(Hn)) algebraic boundary
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PX ∩ PQ not smooth  polar class formula does not apply
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Friedland-Ottaviani 2013

EDdegree(X) = coefficient of sn1−11 · · · snp−1p in∏p
i=1

ŝ
ni
i −s

ni
i

ŝi−si , where ŝi = s1 + · · ·+ si−1 + si+1 + · · ·+ sp

Proof

([v ], u) ∈ PEX ⇔ ∃c∀i : u − cv ⊥ v1 ⊗ · · · ⊗ Vi ⊗ · · · ⊗ vp
⇔ u ⊥ v1 ⊗ · · · ⊗ v⊥i ⊗ · · · ⊗ vp (provided (v |v) 6= 0)

Ei : bundle on PX with fibre (v1 ⊗ · · · ⊗ v⊥i ⊗ · · · ⊗ vp)∗

 u gives section of
⊕
i Ei , top Chern class = coefficient. �
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Table of values

n1 × n2

EDdegree(X)tensor format

min{n1, n2} (Eckart-Young)
2× 2× · · · × 2 p!
2× 2× n3, n3 ≥ 3 8
2× 3× 3 15
2× 3× n3, n3 ≥ 4 18

n1 − 1
n2 − 1

n3 − 1

= (n1 − 1)

+(n2 − 1)

Boundary format (GKZ)
Intriguing problem

Find a geometric proof that

EDdegree(X) stabilises for np − 1 ≥
∑p−1
i=1 (ni − 1).
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W = Cm with sym bilinear form, V = End(W ) with trace form

G ⊆ V algebraic group  EDdegree(G)?

(x, u) ∈ EG iff u − x ⊥ TxG(= xg) iff xT (u − x) ⊥ g

Case 1

G preserves form on W  xT x ⊥ g so condition is xT u ⊥ g

or equivalently u ∈ xg⊥
 EDdegree(G) = deg(G × g⊥ → End(W ))

Case 2

G does not preserve form
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20Closest orthogonal matrix

Folklore theorem

EDdegree(Om) = 2m

Proof

want to count x with xT u ⊥ om, i.e. with x tu =: s symmetric

then s2 = sT s = uT u, so s is one of the 2m roots of uT u �

Remarks

• used in computer vision for real u

• similar arguments work for unitary groups

• ∃ formula for the degree of a general G-orbit in W⊕m

(Kazarnovskĭı, Derksen-Kraft), but g⊥ not sufficiently general
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EDdegree(SLm) = m! · 2m−1 w.r.t. trace form

Proof

critical equation: xT (u − x) ⊥ slm, i.e., xT (u − x) = cI

 u = x + cx−T  uT u = xT x + cI + c2x−1x−T

 uT u = s + cI + c2s−1 with s := xT x

 λ2i + (c − µi)λi + c2 = 0 where µi eigenvalues of uT u

 eliminate the λi  equation of degree m!2m in c .
�

• two papers: arxiv: Euclidean distance degree

• SIAM activity group in alg geom
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(Open) Puzzle

G = Sp2m, standard symp form and standard Frobenius norm

m 1 2 3

EDdegree 4 24 544  2m
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Hilbert & Cohn-Vossen, Anschauliche Geometrie:

“The simplest curves are the planar curves. Among them, the

simplest one is the line (ED degree 1). The next simplest curve is

the circle (ED degree 2). After that come the parabola (ED

degree 3), and, finally, general conics (ED degree 4).”
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Hilbert & Cohn-Vossen, Anschauliche Geometrie:

“The simplest curves are the planar curves. Among them, the

simplest one is the line (ED degree 1). The next simplest curve is

the circle (ED degree 2). After that come the parabola (ED

degree 3), and, finally, general conics (ED degree 4).”

Thank you!
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