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Definition
V' = C” with form (.|.); X C V subvariety; X,eq smooth locus;
u €V general

~ EDdegree(X) := #{x € Xieqg | U — x L T, X}

~» counts critical points of d,(x) := (u — x|u — x)
Goal

e techniques for computing EDdegree(X)

e particularly for varieties from applications

e often V = C ® W, X complexification of Xp C W,
and also would like to count real critical points



Warmup: linear spaces

X C V linear subspace
~ EDdegree(X) = 1 if X + X+ = V; 0 otherwise

u
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Warmup: bounded-rank matrices 4

V = C™*" with form tr(u’ v) and m > n
X = {matrices of rank < r}, stable under O,, x O,

~ EDdegree(X) = (n)

Eckart-Young B '

u=g |01 h

.O'n

~ set n — r entries O

compression by 90%
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Example 1: Hurwitz stability

x(z) :=2"+x 2"+ ..+ x,2° € R[z],
stable If all roots have nonpositive real part
& all leading principal minors of H, are nonnegative

Hs = X1 X3 x5 0 0| X, :=V(det(H,)) algebraic boundary
1 xo0x40 O

OX1X3X5OI7 |3|4|5|6|7
0 1 xox4 0| EDdegree(X,) | 51511319 [21
0 0 X1 X3 X5

n | 2m+1] 2m

DHOST 2013 EDdegree(X,) | 8m—2314m—3
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ED i1s degree additive ~» may assume X is irreducible

Ex ={(x,u) € Xiegg x V| u—x L T X}

~~ ED correspondence of X

w1 Ex — X affine bundle over Xiq of rank ¢ :==n—dmX
75 1 Ex — C" has degree EDdegree(X)




ED-correspondence

ED i1s degree additive ~» may assume X is irreducible

Ex ={(x,u) € Xiegg x V| u—x L T X}

~~ ED correspondence of X

w1 Ex — X affine bundle over Xiq of rank ¢ :==n—dmX
75 1 Ex — C" has degree EDdegree(X)

Lemma

If T,.X N (T, X)*t = {0} for some x € Xiegq,
then 7> dominant and hence EDdegree(X)> 0.
(Compute derivative of o at (x, x).)
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owards projective methods 7

X C V irreducible affine cone ~» PX C PV projective variety
PEx := image of Ex under X \ {0} xV — PX x V

QR :={v eV | (vlv) =0} isotropic quadric

Proposition
my : PEx — PX vector bundle over PXeq \ Q of rank c+1
5 PEx — V of degree EDdegree(X).

Observation
Point u € V' gives section of

(PX x V)/PEx, and EDdegree(X)
counts zeroes of this section.

T ([X])
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conormal variety, X* := my(Nx) dual variety




Duality

X C V irreducible affine cone

> Nx ={(x,y) | X € Xreq, ¥ L TxX} CV xV
conormal variety, X* := my(Nx) dual variety
Proposition

EDdegree(X) = EDdegree(X™) (see determinantal example!)




Duality

X C V irreducible affine cone

s Nx = {(X,¥) [X € Xreg,y L X} CV x V
conormal variety, X* := my(Nx) dual variety
Proposition

EDdegree(X) = EDdegree(X™) (see determinantal example!)
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Polar classes

X C V irreducible affine cone, dim(PNx) =n—2 ~
[PNx] = 80(X)s" 1t +01(X)s"2t2 + ...+ §,_o(X)stt"2
in cohomology ring Z]s, t]/(s", t") of PV x PV

0;(X) is ith polar class of X, counts intersections of Ax with
[ x MwheredmL=n—1—7anddmM=1/+1

DHOST 2013
If Nx does not intersect A C PV x PV, then
EDdegree(X) = 0o(X) + -+ - 4+ 0,—2(X) = EDdegree(X™).

Sufficient: PX NPQ s transversal and contained in PXeq.
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DHOST 2013

If ..., then EDdegree(X) =09 + --- 4+ 0,_» = EDdegree(X™).

Proof

Z C PV x PV x V variety of dependent triples ([x], [y], u)

(x,u) € Ex ~ ([x], [u—x], u) €
([x], [v], v) € (PNx x V)N Z ~~

(PNXx\/)ﬂZ
u=cx—+dy~ (cx,u) € Ex

~+ EDdegree(X) = #(Z, NPNx), Z, C PV x PV fibre / u.

Now [Z,] = "2 4+ s" 3t + -+ st"3 + t"2 and

EDdegree(X) = [Z,] - (605" 1t

-4 pnst™ ) mod(s”, t7)




Consequences of polar class formula

using Holme 88:

PX I1s smooth, m-dim, and transversal to PQ ~-
EDdegree(X) = > " (—1)" - (2MT1" — 1) - deg ¢;(X)
ci(X): i-th Chern class of the tangent bundle of X
degree In the embedding in PV
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Consequences of polar class formula 1

using Holme 88:

PX I1s smooth, m-dim, and transversal to PQ ~-
EDdegree(X) = > " (—1)" - (2MT1" — 1) - deg ¢;(X)
ci(X): i-th Chern class of the tangent bundle of X
degree In the embedding in PV

Toric case

PX smooth toric + embedding

~» simple lattice polytope P C R™ with n lattice points

~+ deg ¢j(X) = ) normalised volumes of (m — /)-dim faces



Rational normal curves

C? — S"C?, w — w"; X = image

12



Rational normal curves

C? — S"C?, w — w"; X = image
If transversal to PQ n

< >

Polar class formula with P = e—e—----- —o—o
EDdegree(X) = (22 —-1)-n—(2' —=1)-2=3n -2

12



Rational normal curves

C? — S"C?, w — w"; X = image
If transversal to PQ n

< >

Polar class formula with P = e—e—-----—s—s
EDdegree(X) = (22 —-1)-n— (21 —-1)-2=3n—-2
If (.|.) is Os-invariant

~~ EDdegree(X) drops to n

12



Rational normal curves

C? — S"C?, w — w"; X = image
If transversal to PQ n

< >

Polar class formula with P = e—e—-----—s—s
EDdegree(X) = (22 —-1)-n— (21 —-1)-2=3n—-2
If (.|.) is Os-invariant

~~ EDdegree(X) drops to n

Average ED degree over R

Draw u from Gaussian corresponding to Os-invariant (.|.)
~ expected # real critical points of d, is v/3n — 2.

12
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Motivation (Anderson-Helmke 2014)
Given u;; € Ryg for 1 <7 <y < p, find z € RP that minimises
> icj(u — (zi — z7)?)*. More generally, # critical z € CP?
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Motivation (Anderson-Helmke 2014)
Given u;; € Ryg for 1 <7 <y < p, find z € RP that minimises
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DHOST 2013
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DHOST 2013
X ={((zi — z)?)i<j} C CPP=1/2 Cayley-Menger variety
~» EDdegree(X) = 3p_ —Lifp=1,2mod3

% — 575 if P=0mod 3

Proof
PX is 2nd Veronese embedding of P(CP/C(1, ..., 1)) &
~ (m:= (p — 2))-simplex P

> Yoo (=1)m (27 = 1) - Vo,
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DHOST 2013
X ={((zi — z)?)i<j} C CPP=1/2 Cayley-Menger variety
~» EDdegree(X) = 3p_ —Lifp=1,2mod3

% ~ 5757 if p=0mod 3

Proof
PX is 2nd Veronese embedding of P(CP/C(1, ..., 1)) &
~ (m:=(p—2))-simplex P <m 11

v (=) (2 = 1) - Mol |~ i 1> .2~y term 1



Example 2, continued 14

DHOST 2013
X ={((zi — z)?)i<j} C CPP=1/2 Cayley-Menger variety
~ EDdegree(X) = 3p_ —Lifp=1,2mod3

% ~ 5757 if p=0mod 3

Proof

PX is 2nd Veronese embedding of P(CP/C(1, ..., 1)) &
~> (mm;: (p —m%?) 5|rlrlpllex P m1

~7 Zi:O(_l) ' 2 1) |\/_ 7 4+ 1

term 2 counts singularities of PX N PQ

>-2’wterm1




Back to example 1: Hurwitz stability

/—/5:_X1X3X5O O_
1 X2X4O 0
0 x1 x3x50
01 xx40
_O 0 X1X3X§

X, = V(det(H,)) algebraic boundary
n | 2m+ 1] 2m

DHOST 2013 EDdegree(X,) | 8m—314m—3



Example 3: Rank-one tensors 16

V=C"®---®C", (.].) from standard forms on the factors
X={n®- --®v,}, PX = Segre product P"~1 x ... x P!
PX NPQ not smooth ~» polar class formula does not apply



Example 3: Rank-one tensors 16

V=C"®---®C", (.].) from standard forms on the factors
X={n®- --®v,}, PX = Segre product P"~1 x ... x P!
PX NPQ not smooth ~» polar class formula does not apply

Friedland-Ottaviani 2013
EDdegree(X) = coefficient of s ' .. 5,'}”_1 In

§'!—s! ~
Pt where § =5+ -5 1+531+ - +5



Example 3, continued

Friedland-Ottaviani 2013
EDdegree(X) = coefficient of s/~ * ... 5,’,"”—1 In

S.'—s' A
?:1 s where §; =51 +---+S5_1+Si11+---+ S
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Example 3, continued

Friedland-Ottaviani 2013

o _ 1 .
EDdegree(X) = coefficient of s/" "' -.. 5"~ in
g —s A
?:1 s where §; =51 +---+S5_1+Si11+---+ S
Proof

([vl,u) ePéx & 3dcV;i u—cv L v ®@---QVi®---® v,
SUulve---Qvi®---®v, (provided (v|v) #0)

17



Example 3, continued 17

Friedland-Ottaviani 2013
EDdegree(X) = coefficient of s/~ * ... 5,';"’_1 In

S.'—s.! A
S, where§ =5+ - +s_1+S11+-+5

=1 §i_5i

Proof

([vl,u) ePéx & 3dcV;i u—cv L v ®@---QVi®---® v,
SUulve---Qvi®---®v, (provided (v|v) #0)

& : bundle on PX with fibre (v ® -+ - Qv @ -+ @ v,)*
~> U gives section of €, &;, top Chern class = coefficient.
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Example 3, continued

Table of values

tensor format EDdegree(X)
ny X No min{ny, no}
2X2X X2 p!

2><2><I73,I73Z3 e

( Eckart-Young)

18
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Table of values

tensor format EDdegree(X)
ny X No min{ny, no}
2X2X X2 p!
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2 X3 X3 15
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Example 3, continued

Table of values

tensor format EDdegree(X)
ny X Ny min{ny, no}
2X2X X2 p!

2 X 2 X ns, N3 > 3 e

2 X3 X3 15

2><3><I73,I73Z4 13

( Eckart-Young)

18



Example 3, continued 18

Table of values

tensor format EDdegree(X)
Ny X no min{ny, no} ( Eckart-Young)
2X2X X2 p! b1 ny, — 1
2><2><I73,I7323 3 ! : n3_1
2 X 3% 3 15 ' ~(ny — 1)
2 X 3xn3, nz >4 18 i N

M = AN +m - 1)

Boundary format (GKZ)



Example 3, continued

Table of values

tensor format EDdegree(X)
Ny X no min{ny, no} ( Eckart-Young)
2X2X X2 p! b1 n, — 1
2><2><I73,I7323 e ! - f?3—1
2 % 3% 3 15 ) (1)
2 x 3 X ng, ng >4 18 ; (i

U +(n2 — 1)

Intriguing problem =
. . KZ
Find a geometric proof that Boundary format (GKZ)

EDdegree(X) stabilises for n, — 1 > Zf;ll(n,- —1).
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ED degs of groups (honours project Baaijens) 19

W = C™ with sym bilinear form, V' = End(W) with trace form
G C V algebraic group ~» EDdegree(G)?

(x,u) €& iff u—x L T,G(=xg) iff x"(u—x) Lg

Case 1

G preserves form on W ~» x" x L g so condition is x" u L g
or equivalently u € xg=-

~» EDdegree(G) = deg(G x g+ — End(W))

Case 2
G does not preserve form
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Folklore theorem
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Closest orthogonal matrix 20

Folklore theorem
EDdegree(O,,) = 2

Proof
want to count x with x" u L o,,, i.e. with xfu =: s symmetric
then s2 =s’s=u"u, so s is one of the 2™ roots of u’ u

Remarks

e used In computer vision for real u

e similar arguments work for unitary groups

e J formula for the degree of a general G-orbit in W®™
(Kazarnovskit, Derksen-Kraft), but g+ not sufficiently general
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Baaijens 2014
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Example 4: SL,

Baaijens 2014
EDdegree(SL,,) = m! - 2™ 1 w.r.t. trace form

Proof

critical equation: x’ (u— x) L sl,, i.e., x" (u—x) = cl
s U=X+cx T~ ulu=x"x4+cl+2x"x7T

~ ulu=s+cl+ c?s ! with s := x"x

21
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Baaijens 2014
EDdegree(SL,,) = m! - 2™ 1 w.r.t. trace form

Proof
critical equation: x' (v —x) L sl,,, i.e., x" (u—x) = cl

~sU=x+ecx T ~ulu=x"x+cl +c?x1x T

~ ulu=s+cl+ c?s7 1 with s := x"x
~ A2 4 (¢ — wi)Ai + ¢ = 0 where u; eigenvalues of u' u
~» eliminate the A; ~» equation of degree m!2"" in c.




Example 4: SL, 21

Baaijens 2014
EDdegree(SL,,) = m! - 2™ 1 w.r.t. trace form

Proof
critical equation: x' (v —x) L sl,,, i.e., x" (u—x) = cl

~sU=x+ecx T ~ulu=x"x+cl +c?x1x T

~ ulu=s+cl+ c?s7 1 with s := x"x
~ A2 4 (¢ — wi)Ai + ¢ = 0 where u; eigenvalues of u' u
~» eliminate the A; ~» equation of degree m!2"" in c.

e two papers: arxiv: Euclidean distance degree
e SIAM activity group In alg geom
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G = Sp,,,, standard symp form and standard Frobenius norm
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(Open) Puzzle
G = Sp,,,, standard symp form and standard Frobenius norm

m 1 2 3
EDdegree 4| 24 | 544 s 2M° 4 02m—17

Hilbert & Cohn-Vossen, Anschauliche Geometrie:

“The simplest curves are the planar curves. Among them, the
simplest one is the line (ED degree 1). The next simplest curve is
the circle (ED degree 2). After that come the parabola (ED
degree 3), and, finally, general conics (ED degree 4).”



Epilogue 22

(Open) Puzzle
G = Sp,,,, standard symp form and standard Frobenius norm

m 1 2 3
EDdegree 4| 24 | 544 s 2M° 4 02m—17

Hilbert & Cohn-Vossen, Anschauliche Geometrie:

“The simplest curves are the planar curves. Among them, the
simplest one is the line (ED degree 1). The next simplest curve is
the circle (ED degree 2). After that come the parabola (ED
degree 3), and, finally, general conics (ED degree 4).”

Thank you!
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