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Algebro-geometric problems
arising from statistics

Jan Draisma
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Parametric statistical models

Θ : parameter space
Ω : sample space
M = {Pθ, θ ∈ Θ} probability distributions on Ω

often Θ ⊆ Rd semi-algebraic and θ 7→ Pθ “polynomial”
 “algebraic statistics”

Vignette:
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Types of algebro-geometric problems

equations for {Pθ | θ ∈ Θ}?
 test Pempirical = Pθ for
some θ?
 implicitisation problem

identifiability?
 too many parameters?

00

01

10

11

(p0, p1, q0, q1) 7→ (p0q0, p0q1, p1q0, p1q1)
=: (r00, r01, r10, r11)

⇒ r00r11 − r01r10 = 0

relations among models in families?
 increasing # random variables
. . .

Today:
two theorems
one well-known conjecture
(perhaps one puzzle)
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General Markov Model

T = (V,E, r) : finite (rooted) tree
Ωv, v ∈ V : finite sets
Θ = {[πr, (Au→v)u→v∈E]}
Au→v stochastic matrix Xu → Xv

Ω =
∏

v leaf of T Ωv

θ = (Au→v) 7→ Pθ:
πr on Ωr

u→ v mutate according to Au→v

[Transmutation of species, 1837]
Gene: BCCIP (ENSPTRG00000003043)
Location: Chromosome 10: 126,795,545-126,826,189 forward strand.
Pan_troglodytes CGGGCCCCTGCACGCCCGCGGGCCTCGG.....
Homo_sapiens CGGGCCCCTGCACGCCCGCGGGCTTCGG.....
Pongo_pygmaeus CGGGCCCCTGCACGACCGCGGGCCTCGG.....
Macaca_mulatta TGGGCCCCTGCATGCCCGCGGGCCTCGG.....
[Data from www.ensembl.org]
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General Markov Model, continued

Two operations:

flattening at r
M(T ) ⊆M([rT )
eqs(M(T )) ⊇ eqs(M([r(T )))

r

Ω1 Ω2 Ω3 Ω4

T
Ω1 × Ω2 Ω3 × Ω4

r

[rT

moving r:
M(T, r) =M(T, s)

πr

T, r T, s

Ar→s As→r
πss

r

 M(T ) ⊆M([vT ) for all v ∈ V (T )

Theorem (Allman-Rhodes 2008) (D-Kuttler 2009):
M(T ) =

⋂
v∈V (T )M([vT ) eqs(M(T )) =

∑
v∈V (T ) eqs(M([vT ))
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Gaussian factor analysis

Z1, . . . , Zk ∼ N (0, 1) independent factors
X1, . . . , Xn observed
Xi =

∑k
j=1 sijZj + εi

εi ∼ N (0, vi) independent noise
θ 7→ Pθ:
(S, v) 7→ SST + diag(v)
Mk,n = {Σ = SST + diag(v) | (S, v) ∈ Θ} Raymond Cattell (1971):

fluid vs crystallised
intelligence

Proposal (Drton,Sturmfels,Sullivant 07): use polynomial relations among
entries of Σ to test the model against data

Example k = 2, n = 5:∑
π∈Sym(5) sgn (π)σπ(1)π(2)σπ(2)π(3)σπ(3)π(4)σπ(4)π(5)σπ(5)π(1) = 0, the pentad
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Gaussian factor analysis, continued

Observation:
Σ ∈Mk,n ⇒ Σ[I ] ∈Mk,#I

Question:
equations forMk,n as n→∞?
∃?n0 ∀n ≥ n0 all equations forMk,n are generated by those forMk,n0

Theorem:
yes for k = 1 (n0 = 4, de Loera, Sturmfels, Thomas 1995)
yes for k = 2 (n0 = 6, Brouwer-D, 2010)
set-theoretically yes for all k (D, 2010)
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Independence and its first mixture
Independence:
X1, X2, X3, . . . binary, independent
assume λ := P (∀i : Xi = 0) > 0
pi := P (Xi = 1)/P (Xi = 0)
pI := λ

∏
i∈I pi, I ⊆ N finite

polynomial relations:

pIpJ − pKpL = 0 if I
·∪ J = K

·∪ L

Second copy:
Y1, Y2, Y3, . . . binary, independent
qi := P (Yi = 1)/P (Yi = 0), qI etc.

Mixture:
H binary, P (H = 1) = s

Zi :=

{
Xi if H = 0

Yj if H = 1
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Independence and its first mixture, continued

rI := P (Zi = 1 if i ∈ I and 0 if i 6∈ I) = (1− s)pI + sqI

Polynomial relations?
Certainly

∑
π∈S3

sgn (π)rI1∪Jπ(1)
rI2∪Jπ(2)

rI3∪Jπ(3)

where (I1 ∪ I2 ∪ I3) ∩ (J1 ∪ J2 ∪ J3) = ∅

Conjecture (Garcia, Stillman, and Sturmfels 2005):
these cubic determinants generate all equations among the rI

Remark:
proved set-theoretically by Landsberg and Manivel 2004

(Realistic?) Dream:
a finite computer calculation might settle GSS!
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Higher mixtures of independence

Puzzle:
take n 6= 4
write 2n = q(n + 1) + r with 0 ≤ r < n + 1
by repeated cutting with hyperplanes
decompose {0, 1}n ⊆ Rn into:
q affinely independent (n + 1)-sets
1 affinely independent 2n − k(n + 1)-set

 identifiability of higher (tropical) mixtures of independence
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